
Developmental Science. 2017;1–12.� �bѴ;�omѴbm;Ѵb0u-u�ĺ1olņfo�um-Ѵņ7;v1� �Պ|Պ�1 of 12© 2017 John Wiley & Sons Ltd

 

!;1;b�;7Ĺ�ƑƑ�	;1;l0;u�ƑƏƐƔՊ |Պ �11;r|;7Ĺ�ƐѶ���Ѵ��ƑƏƐƕ
	��Ĺ�ƐƏĺƐƐƐƐņ7;v1ĺƐƑѵƒѶ

PA P E R

Proximodistal exploration in motor learning as an emergent 

property of optimization

Freek Stulp
1, 2, 3Պ|Պ�b;uu;Ŋ+�;v���7;�;u1,2

1
��)�!"�$;-lķ���!����ou7;-���"�7Ŋ��;v|ķ�
Talence, France
2��"$���-ubv$;1_ķ�&mb�;uvb|࣐��-ubvŊ"-1Ѵ-�ķ�
�-ubvķ�
u-m1;
3�;ul-m��;uovr-1;��;m|;u�Ő	�!őķ��mv|b|�|;�
o=�!o0o|b1v�-m7��;1_-|uomb1vķ�);vvѴbm]ķ�
Germany

Correspondence 
�b;uu;Ŋ+�;v���7;�;uķ��mub-ķ�ƑƏƏķ�-�;m�;�7;�Ѵ-�
�b;bѴѴ;�|o�uķ�ƒƒƓƏƔ�$-Ѵ;m1;ķ�
u-m1;ĺ 
�l-bѴĹ�rb;uu;Ŋ��;vĺo�7;�;uŠbmub-ĺ=u

Abstract

$o�_-um;vv�|_;�1olrѴ;�b|��o=�|_;bu�_b]_Ŋ7bl;mvbom-Ѵ�0o7b;v�7�ubm]�v;mvoublo|ou�7;Ŋ
�;Ѵorl;m|ķ�bm=-m|v�-u;�]�b7;7�0��r-||;umv�o=�=u;;�bm]�-m7�=u;;bm]�o=�7;]u;;v�o=�=u;;Ŋ
7olĺ�
ou�bmv|-m1;ķ��_;m�Ѵ;-umbm]�|o�u;-1_ķ�bm=-m|v�=u;;�|_;�7;]u;;v�o=�=u;;7ol�bm�|_;bu�
-ul�ruo�blo7bv|-ѴѴ�ķ�|_-|�bvķ�=uol�fobm|v�|_-|�-u;�1Ѵov;u�|o�|_;�0o7��|o�|_ov;�|_-|�-u;�
lou;�7bv|-m|ĺ��;u;ķ��;�=oul�Ѵ-|;�-m7�v|�7��1olr�|-|bom-ѴѴ��|_;�_�ro|_;vbv�|_-|�v�1_�
r-||;umv�1-m�;l;u];�vrom|-m;o�vѴ��-v�|_;�u;v�Ѵ|�o=�-�=-lbѴ��o=�v|o1_-v|b1�or|blb�-|bom�
ruo1;vv;vķ��b|_o�|�-m� bmm-|;�;m1o7bm]�o=�-�l-|�u-|bom-Ѵ�v1_;7�Ѵ;ĺ� �m�r-u|b1�Ѵ-uķ��;�
ru;v;m|�vbl�Ѵ-|;7�;�r;ubl;m|v��b|_�-m�-ul��_;u;�-�1olr�|-|bom-Ѵ�Ѵ;-um;u�ruo]u;vŊ
vb�;Ѵ��-1t�bu;v�u;-1_bm]�vhbѴѴv�|_uo�]_�-7-r|b�;�;�rѴou-|bomķ�-m7��;�v_o��|_-|�-�ruo�bŊ
lo7bv|-Ѵ�ou]-mb�-|bom�-rr;-uv�vrom|-m;o�vѴ�ķ��_b1_��;�7;mo|;��	

�Ő�uo�blo�	bv|-Ѵ�

u;;�bm]�-m7�
u;;bm]�o=�7;]u;;v�o=�=u;;7olőĺ�);�-Ѵvo�1olr-u;�|_bv�;l;u];m|�ou]-mbŊ
�-|bom� 0;|�;;m� 7b==;u;m|� -ul� lour_oѴo]b;vŌ=uol� _�l-mŊѴbh;� |o� t�b|;� �mm-|�u-Ѵ�
om;vŌ|o�v|�7��|_;�;==;1|�o=�7b==;u;m|�hbm;l-|b1�v|u�1|�u;v�om�|_;�;l;u];m1;�o=��	

ĺ

RESEARCH HIGHLIGHTS

Ŏ� );�ruorov;�-�];m;u-Ѵķ�7ol-bmŊbm7;r;m7;m|�_�ro|_;vbv�=ou�|_;�7;Ŋ
�;Ѵorl;m|-Ѵ� ou]-mb�-|bom� o=� =u;;�bm]� -m7� =u;;bm]� o=� 7;]u;;v� o=�
=u;;7ol�o0v;u�;7�0o|_�bm�bm=-m|�7;�;Ѵorl;m|�-m7�-7�Ѵ|�vhbѴѴ�-1t�bŊ
vb|bomķ�v�1_�-v�ruo�bloŊ7bv|-Ѵ�;�rѴou-|bom�bm�Ѵ;-umbm]�|o�u;-1_ĺ

Ŏ� );�bm|uo7�1;�-�1olr�|-|bom-Ѵ�lo7;Ѵ�0-v;7�om�0-vb1�rubm1brѴ;v�o=�
v|o1_-v|b1�or|blb�-|bomķ�-m7�v_o��_o��ruo�blo7bv|-Ѵ�=u;;�bm]�-m7�
=u;;bm]�o=�7;]u;;v�o=� =u;;7ol�-ubv;v�-v�-m�;l;u];m|�ruor;u|��o=�
|_bv�lo7;Ѵĺ

Ŏ� );�-m-Ѵ��;�|_;�bm=Ѵ�;m1;�o=�_�l-m�-ul�v|u�1|�u;�om�|_;�r-||;umv�
o=�=u;;�bm]�-m7�=u;;bm]�o=�7;]u;;v�o=�=u;;7ol�bm�vbl�Ѵ-|;7�u;-1_bm]�
|-vhvĺ

ƐՊ |Պ��$!�	&�$���

�v��;umv|;bm�;lr_-vb�;7�Ő�;umv|;bmķ�ƐƖѵƕőķ�-�]u;-|�l�v|;u��bm�bm=-m|�
lo|ou�7;�;Ѵorl;m|�bv�|o��m7;uv|-m7�_o��|_;��1-m�Ѵ;-um�lo|ou�vhbѴѴv�
;==b1b;m|Ѵ��]b�;m�-�-�1olrѴ;��momŊѴbm;-u�0o7���b|_�l-m��7;]u;;v�o=�
=u;;7olvĺ� !o0o|v� =-1;� |_;� v-l;�ruo0Ѵ;lvķ� -m7� |_bv� bvv�;� _-v� vblbŊ
Ѵ-uѴ��0;;m�|_;�o0f;1|�o=�l-m��v|�7b;v�bm�|_;�u;1;m|��;-uv�Ő(bf-�-h�l-uķ�

	Ľ"o��-ķ�ş�"1_--Ѵķ�ƑƏƏƔĸ��-u-m;v�ş���7;�;uķ�ƑƏƐƐĸ��o0;u�ş��;|;uvķ�
ƑƏƐƐĸ� �-u-m;v� ş� ��7;�;uķ� ƑƏƐƒĸ� "|�Ѵr� ş� "b]-�7ķ� ƑƏƐƒőĺ� �;-umbm]�
lo|ou�vhbѴѴv� bm�oѴ�;v�;�r;ubl;m|bm]��b|_�om;ŝv�o�m�0o7���m7;u� ѴblŊ
b|;7�|bl;�u;vo�u1;vķ�-m7�|_�v�omѴ��-�vl-ѴѴ�=u-1|bom�o=�r_�vb1-ѴѴ��rovŊ
vb0Ѵ;�lo�;l;m|v�1-m�0;�v-lrѴ;7��b|_bm�|_;�=buv|��;-uv�o=�Ѵb=;ĺ�$_�vķ�-v�
-u]�;7�=ou�;�-lrѴ;�bm��;u|_b;uķ��Ѵb=|omķ��1�-ѴѴķ�-m7�!o0bm�ŐƐƖƖƖő�-m7�
|_;ou;|b1-ѴѴ��-m-Ѵ��;7�=uol�-�l-1_bm;�Ѵ;-umbm]�r;uvr;1|b�;�Ő��7;�;uķ�
�-u-m;vķ�ş��-rѴ-mķ�ƑƏƐƒőķ� Ѵ;-umbm]�v|u-|;]b;v�0-v;7�om�vblrѴ;�=oulv�
o=�|ub-Ѵ�-m7�;uuou�1-mmo|�Ѵ;-7�|o�;==b1b;m|�Ѵ;-umbm]�bm�v�1_�1om|;�|vĺ

";�;u-Ѵ�v|u-m7v�o=�u;v;-u1_�_-�;�v|�7b;7�=-lbѴb;v�o=�l;1_-mbvlv�
|_-|� 1o�Ѵ7� 1omv|u-bm� -m7� ]�b7;�lo|ou� Ѵ;-umbm]� ruo1;vv;vĺ� �m� r-u|b1Ŋ
�Ѵ-uķ��;umv|;bm�;v|-0Ѵbv_;7�-�lo|ou�7;�;Ѵorl;m|�r;uvr;1|b�;�0-v;7�
om�v|-];7�Ѵ;-umbm]�ruo1;vv;v��_;u;�vol;�7;]u;;v�o=�=u;;7olv��;u;�
=buv|�=uo�;mķ�|u-mv=oulbm]�-�1olrѴ;��Ѵ;-umbm]�ruo0Ѵ;l�bm�|o�-�vblrѴ;u�
om;ķ�-m7�|_;m�ruo]u;vvb�;Ѵ��=u;;7ķ�-ѴѴo�bm]�|_;�Ѵ;-um;u�|o�|-h;�-7�-mŊ
|-];�o=�|_;�=�ѴѴ�ro|;m|b-Ѵ�o=� b|v�0o7��Ő�;umv|;bmķ�ƐƖѵƕőĺ���m�l0;u�o=�
;�r;ubl;m|-Ѵ� v|�7b;v�_-�;�1om=bul;7� |_bv�r;uvr;1|b�;ĺ�
ou�;�-lrѴ;ķ�
�;u|_b;u�;|�-Ѵĺ�ŒƐƏƏƏœ�v_o�;7�|_-|�|_;�7;�;Ѵorl;m|�o=�;-uѴ��u;-1_bm]�
bm�bm=-m|v�Ő�;u|;m|_-Ѵ�ş��om��o=v|;mķ�ƐƖƖѶő�=oѴѴo�;7�-�ruo�blo7bv|-Ѵ�
v|u�1|�u;ķ��_;u;� bm=-m|v� =buv|� Ѵ;-um|� |o� u;-1_� 0�� =u;;�bm]� |_;� ;Ѵ0o��
-m7�|_;�_-m7ķ��_bѴ;��-u�bm]�v_o�Ѵ7;u�-m7�|u�mh�lo�;l;m|vķ�-m7�|_;m�
ruo]u;vvb�;Ѵ���v;7�lou;�7bv|-Ѵ�fobm|v�o=�|_;�;Ѵ0o��-m7�_-m7ĺ�"|�7b;v�



Ƒ�o=�ƐƑՊ�|Պ�ՊՍ STULP and OUdEYER

bm�-7�Ѵ|�lo|ou�vhbѴѴ�-1t�bvb|bom�v_o�;7�vblbѴ-u�r-||;umbm]�o=�=u;;�bm]�
-m7�=u;;bm]�o=�7;]u;;v�o=�=u;;7olķ�-rrѴb;7�|o�|_;�-1t�bvb|bom�o=�u-1h;|�
vhbѴѴv� Ő"o�|_-u7� ş� �b]]bmvķ� ƐƖѶƕőķ� vo11;u� Ő�o7];vķ� �-�;vķ� �oumķ� ş�
)bѴѴb-lvķ�ƑƏƏƔő�ou�vhbbm]�Ő(;u;bfh;mķ�(-m��ll;ubhķ�)_b|bm]ķ�ş��;�;ѴѴķ�
ƐƖƖƑőĺ��|_;u�;�r;ubl;m|-Ѵ�o0v;u�-|bomv�_-�;�v_o�m�|_;�1olrѴ;�b|��
-m7�1om|;�|Ŋ7;r;m7;m1;�o=�|_bv�=oul�o=�r-||;umbm]��_;u;ķ�=ou�;�-lŊ
rѴ;ķ� bm=-m|�u;-1_bm]��b|_�7b==;u;m|�rov|�u-Ѵ�1omv|u-bm|v�1o�Ѵ7� Ѵ;-7�|o�
_b]_;u��v;�o=� |_;�;Ѵ0o���b|_�u;vr;1|� |o�|_;�v_o�Ѵ7;u� Ő$_;Ѵ;m�;|�-Ѵĺķ�
ƐƖƖƒőĺ

";�;u-Ѵ�_�ro|_;v;v�;�rѴ-bmbm]�|_;��m7;uѴ�bm]�l;1_-mbvlv�Ѵ;-7bm]�
|o�v�1_�v|-];7�lo|ou� Ѵ;-umbm]�v1_;7�Ѵ;v�_-�;�0;;m� =oul�Ѵ-|;7ĺ�
ou�
;�-lrѴ;ķ� �;u|_b;u� ;|� -Ѵĺ� Ő�;u|_b;u� ;|� -Ѵĺķ� ƐƖƖƖő� v�]];v|;7� |_-|� |_;v;�
Ѵ;-umbm]�v1_;7�Ѵ;v�1o�Ѵ7�0;�bmm-|;�-m7�7�;�|o�ruo]u;vvb�;�m;�uol�vŊ
1�Ѵ-u�7;�;Ѵorl;m|ķ��_;u;�r_�vboѴo]b1-Ѵ�l-|�u-|bom�o=�lo|ou�m;�uomv�
-Ѵom]�|_;�1ou|b1ovrbm-Ѵ�|u-1|�Ő���r;uvķ�ƐƖѶƐĸ��-mv;m�ş�
Ѵ-70�ķ�ƐƖƖƏő�
1o�Ѵ7� ro|;m|b-ѴѴ�� Ѵ;-7� |o� -m� bmb|b-Ѵ� Ѵblb|-|bom� bm� |_;� 1om|uoѴ� o=� 7bv|-Ѵ�
7;]u;;v�o=�=u;;7olĺ�+;|ķ�|_;�;�|;m|�|o��_b1_�r_�vboѴo]b1-Ѵ�l-|�u-|bom�
1-m�1omv|u-bm�lo|ou�;�rѴou-|bom�bv�v|bѴѴ��m1Ѵ;-u�bm�|_;�bm=-m|�Ő�7oѴr_�ş�
�;u];uķ�ƑƏƏƔőķ�-m7�7o;v�mo|�ruo�b7;�-m�;�rѴ-m-|bom�o=�|_;��m7;uѴ�bm]�
l;1_-mbvlv��_b1_�7ub�;�=u;;�bm]�-m7�=u;;bm]�o=�7;]u;;v�o=�=u;;7ol�bm�
-7�Ѵ|�lo|ou�Ѵ;-umbm]ĺ

�m�|_bv�-u|b1Ѵ;ķ��;�=oul�Ѵ-|;ķ�;�rѴou;�-m7�-m-Ѵ��;�-mo|_;u�Őrovvb0Ѵ��
1olrѴ;l;m|-u�ő�_�ro|_;vbv�=uol�-�1olr�|-|bom-Ѵ�lo7;Ѵbm]�r;uvr;1Ŋ
|b�;ĺ�$_bv�_�ro|_;vbv�bv�=oul�Ѵ-|;7��b|_bm�|_;�or|bl-Ѵ�1om|uoѴ�=u-l;Ŋ
�ouh�o=�lo|ou�Ѵ;-umbm]ķ��_;u;�|_;�Ѵ;-um;u��v;v�;�rѴou-|bom�|o�=bm7�-�
lo|ou�ruo]u-l��_b1_�lbmblb�;v�-�]b�;m�1ov|�Őou�l-�blb�;v�-m�o0f;1Ŋ
|b�;� =�m1|bomő� Ő$o7ouo�ķ� ƑƏƏƓĸ� �;u|_b;uķ� !ov;mv|;bmķ�ş��-u|oķ� ƑƏƏƔőĺ�
$_;�_�ro|_;vbv��;�v|�7��v|-|;v� |_-|�v|-];7� Ѵ;-umbm]�v1_;7�Ѵ;v��b|_�
=u;;�bm]�-m7�ruo]u;vvb�;�=u;;bm]�o=�7;]u;;v�o=�=u;;7ol�1-m�v;Ѵ=Ŋou]-Ŋ
mb�;�vrom|-m;o�vѴ��-v�-�u;v�Ѵ|�o=�|_;�bm|;u-1|bom�0;|�;;m�1;u|-bm�=-lbŊ
Ѵb;v�o=�v|o1_-v|b1�or|blb�-|bom�l;|_o7v�Ő�_b1_�7ub�;�;�rѴou-|bom�o=�|_;�
Ѵ;-um;uő��b|_�r_�vb1-Ѵ� ruor;u|b;v�o=� |_;�0o7�ķ� -m7��b|_o�|� bm�oѴ�bm]�
r_�vboѴo]b1-Ѵ�l-|�u-|bomĺ� �m� r-u|b1�Ѵ-uķ��;� ru;v;m|� vbl�Ѵ-|;7� ;�r;uŊ
bl;m|v� �b|_� -� ѵŊ	�
� -ul��_;u;� -� 1olr�|-|bom-Ѵ� Ѵ;-um;u� ruo]u;vŊ
vb�;Ѵ��-1t�bu;v�u;-1_bm]�vhbѴѴv� Őbĺ;ĺķ�lbmblb�bm]�1ov|�|o�u;-1_őķ�-m7��;�
v_o��|_-|�-�ruo�blo7bv|-Ѵ�ou]-mb�-|bom�-rr;-uv�vrom|-m;o�vѴ�ķ��_b1_�
�;�7;mo|;��	

�Ő�uo�blo�	bv|-Ѵ�
u;;�bm]�-m7�
u;;bm]�o=�7;]u;;v�o=�
=u;;7olőĺ�);�-Ѵvo� 1olr-u;� |_;� ;l;u];m|� v|u�1|�u-|bom� -v� 7b==;u;m|�
-ul�v|u�1|�u;v�-u;��v;7Ō=uol�_�l-mŊѴbh;�|o�t�b|;��mm-|�u-Ѵ�om;vŌ|o�
v|�7��|_;�;==;1|�o=�7b==;u;m|�hbm;l-|b1�v|u�1|�u;v�om�|_;�;l;u];m1;�
o=��	

ĺ

�m�|_;v;�;�r;ubl;m|vķ1�$_;�-Ѵ]oub|_l��;��v;ŌPIBBķ�-�vr;1b-Ѵ�1-v;�
o=� ��2Ōbv� 0-v;7� om� 1o�-ub-m1;�l-|ub�� -7-r|-|bom� |_uo�]_��;b]_|;7�
-�;u-]bm]ķ��_b1_�bv�-�1om1;r|�ru;v;m|�bm�-��b7;�u-m];�o=�or|blb�-|bom�
=u-l;�ouhv� Ő�umoѴ7ķ���];uķ� �-mv;mķ� ş��ѴѴb�b;uķ� ƑƏƐƐĸ� !�0bmv|;bm� ş�
�uo;v;ķ� ƑƏƏƓĸ� "|�Ѵr�ş� "b]-�7ķ� ƑƏƐƒőĺ� �o�-ub-m1;�l-|ub�� -7-r|-|bom�
-ѴѴo�v�|_;�-Ѵ]oub|_l�|o�7;|;ulbm;�7�m-lb1-ѴѴ��|_;�-rruorub-|;�;�rѴoŊ
u-|bom�l-]mb|�7;�-m7�7bu;1|bom�=ou�;-1_�fobm|�bm�ou7;u�|o�ruo]u;vv�=-v|Ŋ
;v|�|o�-u7v�|_;�]o-Ѵ�-|�-m��]b�;m�robm|�bm�|_;�7;�;Ѵorl;m|ĺ��m�|_;�1omŊ
|;�|�o=��	

ķ�bm1u;-vbm]�-m7�7;1u;-vbm]�|_;�;�rѴou-|bom�1ouu;vrom7v�
|o�freeing and freezing�fobm|vķ�u;vr;1|b�;Ѵ�ĺ

�o�;�;uķ� |o� o�u� hmo�Ѵ;7];ķ� l;|_o7v� =ou� ;�rѴou-|bom� |_uo�]_�
1o�-ub-m1;�l-|ub��-7-r|-|bom�_-�;�vo�=-u�0;;m�-m-Ѵ��;7�omѴ��=uol�-m�

;m]bm;;ubm]�r;uvr;1|b�;�-m7�bm�|;ulv�o=�vr;;7�|o�=bm7�or|bl-Ѵ�1om|uoѴŊ
Ѵ;uvĺ��;u;ķ�om�|_;�1om|u-u�ķ��;��v;�|_;v;�];m;u-Ѵ�l;|_o7v�-v�|ooѴv�=ou�
lo7;Ѵbm]�ruo1;vv;v�o=�;�rѴou-|bom�7�ubm]�lo|ou�Ѵ;-umbm]�bm�bm=-m|v�-m7�
v|�7��|_;�r-||;umv�o=�=u;;bm]�-m7�=u;;�bm]�o=�	�
v�|_-|�|_;��];m;u-|;ĺ�
�u;Ѵblbm-u���ouh�bm�|_bv�7bu;1|bom��-v�ru;v;m|;7�bm�Ő"|�Ѵr�ş���7;�;uķ�
ƑƏƐƑ-ķ�ƑƏƐƑ0őķ�0�|��-v�0-v;7�om�lou;�1olrѴ;��-m7�vr;1b=b1�or|blb�-Ŋ
|bom�-Ѵ]oub|_lvķ�7b7�mo|�bm1Ѵ�7;�7;|-bѴ;7�-m-Ѵ�vbv�o=�u;v�Ѵ|vķ�-m7�7b7�mo|�
v|�7��_o��7b==;u;m|�lour_oѴo]b;v�o=�|_;�0o7��blr-1|;7�|_;�u;v�Ѵ|bm]�
r-||;umv�o=�;�rѴou-|bomĺ

�;u;ķ� �;� �v;� -� vblrѴ;� -m7� ];m;ub1� =oul� o=� 1o�-ub-m1;� l-|ub��
-7-r|-|bomŌPIBBŌ-m7� v|�7�� _o�� b|� vrom|-m;o�vѴ�� ];m;u-|;v� �	

�
;�rѴou-|bom�r-||;umv� bm� |_;� 1om|;�|� o=� v;�;u-Ѵ� -ul�lour_oѴo]b;vĺ� �m�
|_;�|�o�-m-Ѵ�vbv�v;1|bomvķ��;�=�u|_;u�v|�7��|_;v;�u;v�Ѵ|v�0��1omvb7;uŊ
bm]�|_;�;==;1|�o=�fobm|v�om�1ov|�bm�-�v|-|b1�1om|;�|ĺ�);�=buv|�r;u=oul�-�
v;mvb|b�b|��-m-Ѵ�vbv�0��t�-m|b=�bm]�|_;�;==;1|�o=�r;u|�u0bm]� bm7b�b7�-Ѵ�
fobm|v�om�|_;�l-bm�1ov|�1olrom;m|ĺ�);�|_;m�-m-Ѵ��;�|_;�bm|;u-1|bomv�
0;|�;;m� fobm|v�0��7;|;ulbmbm]�|_;�;==;1|v�o=�r;u|�u0bm]�7bv|-Ѵ� fobm|v�
bm�|_;�1om|;�|�o=�r;u|�u0-|bomv�|o�ruo�bl-Ѵ�fobm|vĺ�$_;�u;v�Ѵ|v�o=�|_bv�
-m-Ѵ�vbv�ruo�b7;�-�7;;r;u��m7;uv|-m7bm]�o=�why� �	

�-ubv;v�7�ubm]�
|_;�v|o1_-v|b1�or|blb�-|bomĺ

ƑՊ |Պ����$�$���"��
��!��!�!�"��!��

�-m�� 1olr�|-|bom-Ѵ� lo7;Ѵv� _-�;� v|�7b;7� _o�� ru;�bu;7� v|-];v�
ou� r-||;umv� o=� =u;;�bm]� -m7� =u;;bm]� o=� 7;]u;;v� o=� =u;;7ol� 1o�Ѵ7�
1om|ub0�|;�|o�ou�_bm7;u�Ѵ;-umbm]�o=�lo|ou�vhbѴѴv�bm�_b]_�7bl;mvbomvĺ�
"ol;�v|�7b;v�1omvb7;u;7�|_;�blr-1|�o=�-Ѵ|;um-|bom�o=�=u;;�bm]�-m7�
=u;;bm]�r_-v;v��rom�uo0o|�Ѵ;-umbm]�o=�v�bm]bm]�vhbѴѴv�Ő�;u|_o��;�ş�
��m]-u;ѴѴ-ķ�ƑƏƏƓőķ�v|�7b;7�_o��|_;�r-1;�o=�|_;�v;t�;m1bm]�o=�7bvŊ
1u;|;� v|-];v� Ő�om]-u7ķ� ƑƏƐƏĸ� �u�r;mķ� ƑƏƏƒĸ� �;;ķ��;m]ķ� ş� �_-oķ�
ƑƏƏƕő� ou� o=� |_;� 1om|bm�o�v� bm1u;-v;� o=� ;�rѴou;7� �-Ѵ�;v� o=� 	�
v�
-Ѵom]� -� ruo�blo7bv|-Ѵ� v1_;l;� Ő�-u-m;v� ş� ��7;�;uķ� ƑƏƐƐő� 1o�Ѵ7�
0;�-7-r|b�;Ѵ��-m7�momŊѴbm;-uѴ��1om|uoѴѴ;7�0��Ѵ;-umbm]�ruo]u;vv�-m7�
Ѵ;-7� |o�;==b1b;m|�lo|ou� Ѵ;-umbm]� bm�_b]_Ŋ7bl;mvbom-Ѵ� uo0o|vĺ��|_;u�
u;Ѵ-|;7� lo7;Ѵv� _-�;� ;�rѴou;7� _o�� |_;� ruo]u;vvb�;� =u;;bm]� o=�
7;]u;;v�o=� =u;;7ol� bm�r;u1;r|�-Ѵ� vr-1;� Ő�-]-bķ��v-7-ķ�ş��ovo7-ķ�
ƑƏƏѵĸ� 
u;m1_ķ��;ulbѴѴo7ķ� �bmmķ��_-��bmķ�ş��-u;v1_-Ѵķ� ƑƏƏƑőķ� bm�
|_;�;m�buoml;m|�Ő&1_b0;ķ��v-7-ķ�ş��ovo7-ķ�ƐƖƖѶőķ�ou�bm�|_;�v|u�1Ŋ
|�u;� o=� m;�u-Ѵ� m;|�ouhv� =ou� Ѵ;-umbm]� -0v|u-1|bomv� Ő�Ѵl-mķ� ƐƖƖƒĸ�
);v|;ul-mm�;|�-Ѵĺķ�ƑƏƏƕő�1o�Ѵ7�]�b7;�|_;�-1t�bvb|bom�o=�v;mvoubloŊ
|ou�-m7�1o]mb|b�;�vhbѴѴvĺ

�m�-ѴѴ�|_;v;�lo7;Ѵvķ�|_;�]Ѵo0-Ѵ�v1_;7�Ѵbm]�o=�=u;;�bm]�-m7�=u;;bm]�
7;]u;;v� o=� =u;;7ol� bv� ;m1o7;7�0�� |_;� ;m]bm;;u� Ő0�|� |_;� u_�|_l�o=�
ruo]u;vvbom� =uol� v|-];� |o� v|-];� 1-m� 0;� -7-r|b�;� -v� bm��-u-m;v� -m7�
��7;�;u� ŐƑƏƐƐő� -m7� �;;� ;|� -Ѵĺ� ŐƑƏƏƕőĺ� "ol;�lo7;Ѵv� _-�;� ;�rѴou;7�
;�rѴb1b|Ѵ��|_;�;�oѴ�|bom-u��l;1_-mbvlv�|_-|�1o�Ѵ7�];m;u-|;�-m7�v;Ѵ;1|�
v�1_�bmm-|;�l-|�u-|bom-Ѵ�v1_;7�Ѵ;v�Ő�-m];Ѵovbķ�ƐƖƖƖĸ��-|ovķ�"���hbķ�
ş��ub|-ķ�ƑƏƏƕőĺ

�� u;Ѵ-|;7� lo7;Ѵ� bv� ru;v;m|;7� bm� "1_Ѵ;vbm];u� ;|� -ѴĺŐ"1_Ѵ;vbm];uķ�
�-ubvbķ�ş��-m];uķ�ƑƏƏƏőĺ��|�bv�lov|�vblbѴ-u�|o�o�uv�bm�|_-|�b|�-Ѵvo��v;v�-�
hbm;l-|b1-ѴѴ��vbl�Ѵ-|;7�-ulķ�-m7�;�rѴou;v�_o��;�oѴ�|bom-u�ŊѴbh;�v|oŊ
1_-v|b1�or|blb�-|bom�l;|_o7v�1-m�Ѵ;-7�ľv;�;u-Ѵ�1omv|u-bm|v�|o�-rr;-u�
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|o�=-ѴѴ�o�|�-v�-�1omv;t�;m1;�o=�-�u;Ѵ-|b�;Ѵ��vblrѴ;�|ub-ѴŊ-m7Ŋ;uuou�Ѵ;-umŊ
bm]�-Ѵ]oub|_lĿ�Ő"1_Ѵ;vbm];u�;|�-Ѵĺķ�ƑƏƏƏőķ�om;�o=�|_;l�0;bm]�|_;�Ѵo1hbm]�
o=� fobm|vĺ��o�;l;m|� roѴb1b;v� -u;� u;ru;v;m|;7� -v� =o�uŊѴ-�;u� =;;7=ouŊ
�-u7�m;�u-Ѵ�m;|�ouhvķ��_b1_�-u;�|u-bm;7�|_uo�]_�;�oѴ�|bom-u��Ѵ;-umŊ
bm]ĺ��m�|;ulv�o=�|_;�;�r;ubl;m|-Ѵ�v;|Ŋ�rķ�om;�l-bm�7b==;u;m1;�=uol�o�u�
�ouh�bv�|_-|��;�1omvb7;u�_b]_;uŊ7bl;mvbom-Ѵ�v�v|;lvŌƐƏ�	�
�bmv|;-7�
o=�ƒ	�
Ō-m7��v;�om;�Ѵ;-umbm]�-];m|�bmv|;-7�o=�-�ror�Ѵ-|bom�o=�ƐƏƏĺ�
��v;1om7�7b==;u;m1;�bv�|_-|��;�;lrѴo��-�7b==;u;m|�=-lbѴ��o=�v|o1_-vŊ
|b1�or|blb�-|bom� |;1_mbt�;vķ��_b1_�_-v�lou;� =Ѵ;�b0bѴb|�� bm� |_-|� b|� 1-m�
7�m-lb1-ѴѴ���r7-|;�u-m];v�o=�;�rѴou-|bom�7�ubm]�vbm]Ѵ;�-];m|�Ѵ;-umbm]ĺ�
)_bѴ;� |_;�lo7;Ѵ� bm�"1_Ѵ;vbm];u�;|� -Ѵĺ� Ő"1_Ѵ;vbm];u�;|� -Ѵĺķ� ƑƏƏƏő�omѴ��
-11o�m|;7�=ou�|_;�=u;;�bm]�o=�vol;�7;]u;;v�o=�=u;;7ol�-v�-�u;v�Ѵ|�o=�
or|blb�-|bomķ�|_;�=Ѵ;�b0bѴb|��o=�o�u�Ѵ;-umbm]�lo7;Ѵ�-ѴѴo�v��v�|o�=bm7�|_;�
;m|bu;�7;�;Ѵorl;m|-Ѵ�r-||;um�o�|Ѵbm;7�0���;umv|;bm�Ő�;umv|;bmķ�ƐƖѵƕőĹ�
=u;;�bm]�o=�7;]u;;v�o=�=u;;7ol�=oѴѴo�;7�0��ruo]u;vvb�;�-m7�ou7;u;7�
=u;;bm]�o=�7;]u;;v�o=�=u;;7olĺ�);�-Ѵvo�1omvb7;u��-ubo�v�-ul�lour_oѴŊ
o]b;v�|o�v_o��_o��|_;�;l;u];m|�v1_;7�Ѵbm]�-7-r|v�|o�|_;�r;1�Ѵb-ub|b;v�
o=�-�]b�;m�hbm;l-|b1�v|u�1|�u;ĺ

ƒՊ |Պ���!�����$��!�����)�$��
"$����"$�����$���,�$���

$_;� l;|_o7vķ� u;v�Ѵ|v� -m7� 7bv1�vvbomv� o=� |_;� ;�r;ubl;m|v� -u;� 7bvŊ
|ub0�|;7� o�;u� |_u;;� v;1|bomvķ� 1ouu;vrom7bm]� |o� |_;� |_u;;� ;�r;ubŊ
l;m|v� 1om7�1|;7ĺ� �m� |_bv� =buv|� v;1|bomķ� �;� 7;v1ub0;� -m� ;�r;ubl;m|�
bm� �_b1_� -� r-u-l;|;ub�;7� roѴb1�� ];m;u-|;v� u;-1_bm]� lo�;l;m|vķ�
�_;u;�|_;�r-u-l;|;uv�o=�|_;�roѴb1��-u;�or|blb�;7�|_uo�]_�v|o1_-v|b1�
or|blb�-|bomĺ

ƒĺƐՊ|Պ�;|_o7v

ƒĺƐĺƐՊ|Պ�ul�lo7;Ѵ

$_;� ;�-Ѵ�-|bom� |-vh� bm� |_bv� r-r;u� 1omvbv|v� o=� -� hbm;l-|b1-ѴѴ�� vbl�Ŋ
Ѵ-|;7�-ul��b|_�MƷѵ�7;]u;;v�o=�=u;;7olķ�-m7�-�moul-Ѵb�;7�Ѵ;m]|_�o=�

Ɛĺ�$o�v|�7��|_;�;==;1|�o=�7b==;u;m|�hbm;l-|b1�v|u�1|�u;v�om�l-|�u-Ŋ
|bomķ��;��v;�|_u;;�v;|v�o=�u;Ѵ-|b�;�Ѵbmh�Ѵ;m]|_vķ�7;rb1|;7�-|�|_;�0o|Ŋ
|ol�o=�
b]�u;�ƐĹ�ŐƐő�|�rb1-Ѵ�u;Ѵ-|b�;�Ѵbmh�Ѵ;m]|_v�o=�-�_�l-m�-ulĸ�ŐƑő�
;t�b7bv|-m|�Ѵbmh�Ѵ;m]|_vĸ�Őƒő�Ŀbm�;u|;7Ŀ�_�l-m�-ulķ�|_-|�bvķ��b|_�v_ou|�
Ѵbmh�Ѵ;m]|_v�=buv|ĺ

ƒĺƐĺƑՊ|Պ$-vh�vr;1b=b1-|bom

$_;�l-bm�-bl�o=�|_;�|-vh�bv�|o�u;-1_�=ou�-�vr;1b=b1�|-u];|��b|_�-�ƏĺƔv�
lo�;l;m|ķ��bv�-Ѵb�;7�bm�
b]�u;�Ɛĺ�$_;�-m]Ѵ;v�-m7�-m]�Ѵ-u��;Ѵo1b|b;v�o=�
-ѴѴ�fobm|v�-u;�bmb|b-ѴѴ��Əķ��_b1_�1ouu;vrom7v�|o�-�1olrѴ;|;Ѵ��v|u;|1_;7�
Ŀ_oub�om|-ѴĿ� -ulĺ� $_;� 1ov|� =�m1|bom� bm� ;t�-|bomv� ŐƐőŋŐƑő� 1omvbv|v� o=�
|_u;;�r-u|vķ� ;�ru;vvbm]�7b==;u;m|� 1ub|;ub-� |o�0;�or|blb�;7�7�ubm]� |_;�
Ѵ;-umbm]�ruo1;vvĹ

Terminal cost‖xtN −x
g‖2ĺ�$_;�7bv|-m1;�0;|�;;m�|_;�ƑŊ	��-u|;vb-m�

1oou7bm-|;v� o=� |_;� ;m7Ŋ;==;1|ou� ŐxtNő� -|� |_;� ;m7� o=� |_;� lo�;l;m|� 
-|�tNķ�-m7�|_;�]o-Ѵ�x

gĺ�$_bv�;�ru;vv;v�|_-|��;��-m|�|o�u;-1_�|o�|_;�|-uŊ
];|�xg�-v�1Ѵov;Ѵ��-v�rovvb0Ѵ;ĺ

Terminal costmax(qtN )ĺ���1ov|�|_-|�1ouu;vrom7v�|o�|_;�Ѵ-u];v|�-m]Ѵ;�
o�;u�-ѴѴ�|_;�fobm|v�-|�|_;�;m7�o=�|_;�lo�;l;m|ĺ�$_bv�;�ru;vv;v�-m�;m7Ŋ
v|-|;�1ol=ou|�;==;1|�Ő�o_;m�ş�!ov;m0-�lķ�ƑƏƏƓőĺ

Immediate costrtĺ�$_;�bll;7b-|;�1ov|v�-|�;-1_�|bl;�v|;r�rt� bm�ŐƑő�
r;m-Ѵb�;� fobm|� -11;Ѵ;u-|bomvĺ� $_;��;b]_|bm]� |;ul� ŐMƳƐƴmő� r;m-Ѵb�;v�
	�
v�1Ѵov;u�|o�|_;�oub]bmķ�|_;��m7;uѴ�bm]�lo|b�-|bom�0;bm]�|_-|��ubv|�
lo�;l;m|v�-u;�Ѵ;vv�1ov|Ѵ��|_-m�v_o�Ѵ7;u�lo�;l;m|v�=ou�_�l-mvķ�Őv;;�
$_;o7ouo�ķ���1_Ѵbķ�ş�"1_--Ѵķ�ƑƏƐƏő2.

$_;�=-1|ouv�ƐƏ2 and 10ƴƔ�_-�;�|�o�r�urov;vĹ�ŐƐő�-�v1-Ѵbm]�=-1|ou�
|o�1olr;mv-|;�=ou�7b==;u;m|�u-m];�o=��-Ѵ�;v�o=�|_;�7b==;u;m|�1ov|�1olŊ
rom;m|vĸ�ŐƑő�-��;b]_|bm]�=-1|ou�;m-0Ѵbm]�|_;�ruboub|b�-|bom�o=�|-vhvĺ�$_;�
ou7;u�o=�ruboub|b;v�bvĹ�u;-1_�1Ѵov;�|o�|_;�|-u];|ķ�-1_b;�;�;m7Ŋv|-|;�1olŊ
=ou|ķ�lbmblb�;�-11;Ѵ;u-|bomvĺ

ŐƐő!tN
=102‖xtN −x

g‖2+max (qtN ) Terminal cost

ŐƑő
rt=10−5

∑M
m=1

(M+1−m)(q̈t,m)
2

∑M
m=1

(M+1−m)
Immediate cost


 ��&!� �ƐՊ �(bv�-Ѵb�-|bom�o=�|_;�|-vhķ��_b1_�bv�|o�u;-1_�=ou�-�vr;1b=b1�|-u];|�Ѵo1-|bomķ�bm�|_bv�1-v;�ŒƏķƏĺѶƔœĺ�$_;�-ul�v|-u|v�_oub�om|-ѴѴ�ķ�-m7�|_;�
lo�;l;m|�|o�|_;�|-u];|�bv��bv�-Ѵb�;7��b|_�-�v|uo0ov1orb1�vm-rv_o|v
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ƒĺƐĺƒՊ|Պ�oѴb1��u;ru;v;m|-|bom

$_;�roѴb1��u;ru;v;m|-|bom�;m1o7;v�_o��lo�;l;m|v�-u;�];m;u-|;7ķ�
0�� vr;1b=�bm]� |_;� -11;Ѵ;u-|bom� ruo=bѴ;v� o=� ;-1_� fobm|ĺ� �|� bv� u;ru;Ŋ
v;m|;7�-v�-�Ѵbm;-u�1ol0bm-|bom�o=�moul-Ѵb�;7��-�vvb-m�0-vbv�=�m1Ŋ
|bomvĺ�$_;�-11;Ѵ;u-|bom� ⁄qm,t�o=�|_;�mth� fobm|�-|�|bl;�t� bv�7;|;ulbm;7�
-v�bm�Őƒőķ��_;u;�|_;�r-u-l;|;u��;1|ou�θm�u;ru;v;m|v�|_;��;b]_|v�o=�
fobm|�m.

�m|�b|b�;Ѵ�ķ� 7b==;u;m|� 0-vbv� =�m1|bomv� -u;� -1|b�;� -|� 7b==;u;m|� |bl;v�
7�ubm]� |_;�lo�;l;m|ĺ�$_;� =buv|�0-vbv� =�m1|bom�Ψb=0Őtő� bv�lov|�-1|b�;�
-|�|_;�0;]bmmbm]�o=�|_;�lo�;l;m|ķ�-m7�|_;�Ѵ-v|�Ψb=BŐtő�-|�|_;�;m7�o=�
|_;�lo�;l;m|ķ��b|_�-�1-v1-7;�o=�0-vbv�=�m1|bomv�bm�0;|�;;mĺ�";||bm]�
7b==;u;m|��;b]_|v� bm� |_;� r-u-l;|;u� �;1|ou� θ� |_�v� Ѵ;-7v� |o� 7b==;u;m|�
-11;Ѵ;u-|bom� ruo=bѴ;v� 7�ubm]� |_;�lo�;l;m|ĺ� �=� θ=0ķ� |_;m� |_;u;� bv� mo�
-11;Ѵ;u-|bomķ�-m7�|_�v�mo�lo�;l;m|ĺ

$_;� 1;m|;uv� cb=1…B� o=� |_;� h;um;Ѵv�Ψ� -u;� vr-1;7� ;t�b7bv|-m|Ѵ�� bm�
|_;�ƏĺƔv�7�u-|bom�o=�|_;�lo�;l;m|ķ�-m7�-ѴѴ�_-�;�-��b7|_�o=�w=0.05s. 
$_;�m�l0;u�o=�h;um;Ѵv�r;u�fobm|�bv�BƷƔĺ�"bm1;��;�7o�mo|�vbl�Ѵ-|;�-ul�
7�m-lb1vķ� |_;� fobm|��;Ѵo1b|b;v�-m7�-m]Ѵ;v�-u;�-1t�bu;7�0�� bm|;]u-|bm]�
|_;�-11;Ѵ;u-|bomvĺ�$_;�;m7Ŋ;==;1|ou�ľ_-m7Ŀ�rovb|bom�x�bv�1olr�|;7��b|_�
|_;�=ou�-u7�hbm;l-|b1v�o=�|_;�-ulĺ

ƒĺƐĺƓՊ|Պ�oѴb1��blruo�;l;m|�|_uo�]_�v|o1_-v|b1�
optimization

"|o1_-v|b1�or|blb�-|bom�bv�0-v;7�om�b|;u-|b�;Ѵ��;�rѴoubm]�-m7��r7-|bm]�
r-u-l;|;uv�bm�-�v;-u1_�vr-1;�θ�Őθ�bv�|_;��;1|ou�o=�r-u-l;|;uv�o=�-�lo�;Ŋ
l;m|� roѴb1�őĺ� �|� ;-1_� b|;u-|bomķ� v|o1_-v|b1� or|blb�-|bom� -Ѵ]oub|_lv�
];m;u-|;� K� r;u|�u0-|bomv� o=� |_;� r-u-l;|;u� �;1|ou� {!k=!+"k}

K
k=1

, 
1olr�|;�|_;�1ov|�Jk�=ou�;-1_�r;u|�u0-|bomķ�-m7��r7-|;�|_;�r-u-l;|;uv�
!→!new�0-v;7�om�|_;v;�1ov|vĺ�$_bv�ruo1;vv�1om|bm�;v��m|bѴ�|_;�1ov|v�
_-�;� 1om�;u];7ķ� ou� vol;� |;ulbm-|bom� 1om7b|bom� bv� u;-1_;7ĺ� �m� |_bv�
-u|b1Ѵ;ķ�|_;�r-u-l;|;u�vr-1;�θ�1ouu;vrom7v�|o�|_;�r-u-l;|;uv�o=�|_;�
roѴb1�ĺ��r|blb�bm]�roѴb1��r-u-l;|;uv�bv�hmo�m�-v�direct policy search.

$_;�vr;1b=b1�v|o1_-v|b1�or|blb�-|bom�-Ѵ]oub|_l��;��v;�bv�PIBBķ�v_ou|�
=ou�ľ�oѴb1���lruo�;l;m|��b|_��Ѵ-1hŊ�o��or|blb�-|bomĿ�Ő"|�Ѵr�ş�"b]-�7ķ�
ƑƏƐƑőĺ�$_;�PIBB�-Ѵ]oub|_l�bv�;�rѴ-bm;7�-m7��bv�-Ѵb�;7�bm�
b]�u;�Ƒĺ�);�
u;1oll;m7�u;-7;uv�|o�1omvb7;u�
b]�u;�Ƒ�bm�7;|-bѴķ�-v�b|�bv�blrou|-m|�|o�
�m7;uv|-m7bm]�|_;�u;v|�o=�|_bv�r-r;uĺ�$_;�l-bm�;t�-|bomv�=uol�
b]�u;�
Ƒ�-u;�u;r;-|;7�bm�ŐѵőŋŐƖőĺ

$_;�1ou;��m7;uѴ�bm]�rubm1brѴ;�bm�PIBB�u;Ѵ;�-m|�|o�o�u�;�r;ubl;m|v�
bv� �vbm]� �;b]_|;7� -�;u-]bm]� |o� �r7-|;� |_;� l;-m� θ� ŐƖő� -m7� 1o�-ubŊ
-m1;� l-|ub�� Σ� ŐѶő� o=� |_;� v-lrѴbm]� 7bv|ub0�|bomĺ� �|� v_-u;v� |_bv� rubmŊ
1brѴ;� �b|_� ľ�uovvŊ�m|uor�� �;|_o7vĿŐ!�0bmv|;bm� ş� �uo;v;ķ� ƑƏƏƓőķ�
ľ�o�-ub-m1;� �-|ub�� �7-r|-|bom� ŋ� ��oѴ�|bom-u�� "|u-|;]b;vĿ� Ő�-mv;m�
ş��v|;ul;b;uķ� ƑƏƏƐő� Ő���Ŋ�"ő� -m7� ľ�oѴb1�� �lruo�;l;m|��b|_� �-|_�
�m|;]u-ѴvĿŐ$_;o7ouo�� ;|� -Ѵĺķ� ƑƏƐƏő� Ő��2őĺ� �o==l-m� ;|� -Ѵĺ� _-�;� v_o�m�
|_-|��;b]_|;7�-�;u-]bm]�0;||;u�;�rѴ-bmv�_�l-m�lo|bom�Ѵ;-umbm]�|_-m�
]u-7b;m|Ŋ0-v;7�-Ѵ]oub|_lv�Ő�o==l-mmķ�$_;o7ouo�ķ�ş�"1_--Ѵķ�ƑƏƏѶőĺ

$_;� bm|�b|b�;�l;-mbm]� bv�|_-|�|_;�r;u|�u0-|bomv�|_-|�-u;�v-lrѴ;7�
-|�;-1_�b|;u-|bom�o=�Ѵ;-umbm]�-u;�|_;lv;Ѵ�;v�-7-r|b�;ķ�=ov|;ubm]�;�rѴoŊ
u-|bom�bm�7bu;1|bomv��_;u;�|_;�1ov|�7;1u;-v;v�=-v|;v|ĺ��m7;;7ķ�PIBB is a 
vr;1b-Ѵ�1-v;�o=�0o|_���2�Ő�b|_o�|�|;lrou-Ѵ�-�;u-]bm]�-m7��b|_�1o�-ubŊ
-m1;�l-|ub��-7-r|-|bomő�-m7����Ŋ�"�Ő�b|_o�|�;�oѴ�|bom�r-|_vőķ��_b1_�
-u;�v|-|;Ŋo=Ŋ|_;Ŋ-u|�bm�7bu;1|�roѴb1��v;-u1_�-m7�0Ѵ-1hŊ0o��or|blb�-|bom�
u;vr;1|b�;Ѵ�ĺ

�;u;��;�v;Ѵ;1|�PIBB�o�;u���2�0;1-�v;�b|�bv�|_;�vblrѴ;v|�v�1_�-Ѵ]oŊ
ub|_l�|_-|�blrѴ;l;m|v�|_;�rubm1brѴ;�o=��;b]_|;7�-�;u-]bm]�|o��r7-|;�
roѴb1�� r-u-l;|;uvĸ� �;� -u;� bm|;u;v|;7� bm� v|�7�bm]� |_;� =oul-|bom� o=�
v|-];7�r-||;umv�o=�=u;;�bm]�-m7�=u;;bm]�o=�7;]u;;v�o=�=u;;7ol�Ő�	

őķ�
mo|�bm�-1_b;�bm]�=ou�bmv|-m1;�|_;�=-v|;v|�rovvb0Ѵ;�1om�;u];m1;ĺ�
ou�-�
=�ѴѴ� ;�rѴ-m-|bom�o=�PIBBķ� -m7� b|v� u;Ѵ-|bomv_br� |o���2� -m7����Ŋ�"ķ��;�
u;=;u�|o�"|�Ѵr�ş�"b]-�7�ŐƑƏƐƑőĺ

ƒĺƐĺƔՊ|Պ�7-r|b�;�;�rѴou-|bom�|_uo�]_�1o�-ub-m1;�
matrix adaptation

�o�-ub-m1;�l-|ub��-7-r|-|bom�-ѴѴo�v�PIBB� |o�-�|ol-|b1-ѴѴ��-7-r|�|_;�
;�rѴou-|bom� vo� -v� |o� ];m;u-|;�lou;� v-lrѴ;v� bm� |_;� 7bu;1|bom� o=� |_;�
lbmbl�lĺ��;1-�v;�|_bv�ruor;u|��bv�blrou|-m|�=ou��	

ķ��;�_b]_Ѵb]_|�
-m7�bѴѴ�v|u-|;�b|��b|_�|_;�|�o�vblrѴ;�;�-lrѴ;v�bm�
b]�u;�ƒĺ

�m� |_;� Ѵ;=|Ŋ_-m7� ]u-r_� bm� 
b]�u;�ƒ� Őu;r;-|;7� =uol�
b]�u;�Ƒőķ� |_;�
1�uu;m|� r-u-l;|;uv� θƷŒƐƏķƐƏœ� -u;� =-u� =uol� |_;� or|bl�l� θ*ƷŒƏķƏœĺ�
$_;�v-lrѴ;v�|_-|�-u;�1Ѵov;u�|o�θ*�Ő|o�|_;�Ѵo�;u�Ѵ;=|�bm�|_;�]u-r_ő�_-�;�
Ѵ-u];u��;b]_|v�Ő�bv�-Ѵb�;7�-v�]u;;m�1bu1Ѵ;vő�|_-m�|_ov;�|_-|�-u;�=�u|_;u�
away from θ*ĺ��;1-�v;�|_;�m;��r-u-l;|;uv�-u;��;b]_|;7��b|_�|_;v;�
�;b]_|v��_;m�-�;u-]bm]ķ�|_;�l;-m�θ�lo�;v�bm�|_;�7bu;1|bom�o=�|_;v;�
_b]_Ŋ�;b]_|ķ�Ѵo�Ŋ1ov|�v-lrѴ;v��_;m��r7-|bm]ķ�0ubm]bm]�θ�1Ѵov;u�|o�θ*. 
$_;�v-l;�rubm1brѴ;�-rrѴb;v�|o�|_;�1o�-ub-m1;�l-|ub�ķ��_b1_�0;1ol;v�
;Ѵom]-|;7Ōb|v� Ѵ-u];v|� ;b];m�-Ѵ�;� λ� bm1u;-v;vķ� -m7� 1ouu;vrom7v� |o�
|_;� ;b];m�;1|ou� robm|bm]� lou;� bm� |_;� 7bu;1|bom� o=� θ*� Ő�bv�-Ѵb�;7� -v�
-m�-uuo�őĺ��ou;� =oul-ѴѴ�ķ� b|� =oѴѴo�v� |_;�m-|�u-Ѵ�]u-7b;m|�o=� |_;�1ov|�
�b|_�u;vr;1|�|o�|_;�r-u-l;|;uv�Ő�umoѴ7�;|�-Ѵĺķ�ƑƏƐƐőĺ�$_;�;==;1|�bv�|_-|�
;�rѴou-|bom�bm1u;-v;vķ�-m7�bm�|_;�7bu;1|bom�o=�Ѵo�Ŋ1ov|�u;]bomv�bm�|_;�
r-u-l;|;u�vr-1;ĺ

Őƒőq̈m,t=g⊤
t
#m Acceleration of joint m

ŐƓő[gt]b=
Ψb(t)

∑B
b=1 Ψb(t)

Time- dependent basis functions

ŐƔőΨb(t)=exp
(
−(t−cb)

2∕w2
)

Kernel

Őѵő
{!k=!+"k}

K
k=1

Explore by sampling K exploratory parameter vectors (!,Σ)

Őƕő
Jk= J(!),Pk= f(Jk)

Evaluate by computing K costs andmap costs to weights

ŐѶőΣnew=
K∑

k=1

[Pk(!k−!)(!k−!)⊤]

Update Σfor future exploration with weighted averaging

ŐƖő
!new=

K∑

k=1

[Pk!k]

Update themean for future sampling with weighted averaging
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�m�|_;�ub]_|Ŋ_-m7�]u-r_ķ�|_;�bmb|b-Ѵ�1o�-ub-m1;�l-|ub��bv�|_;�v-l;ķ�
0�|�|_;�1�uu;m|�r-u-l;|;uv�θƷŒƏķƏœ�-u;�mo��r;u=;1|Ѵ��-|�|_;�or|bl�l�
θ*ƷŒƏķƏœĺ� 
ou� |_bv� u;-vomķ� v-lrѴ;v� 1Ѵov;u� |o�θ��bѴѴ� _-�;� -� Ѵo�;u� 1ov|�
JŐθőƷׯθׯķ� -m7� |_�v�-�_b]_;u��;b]_|ĺ��o|;� |_;� Ѵ-u];u�]u;;m�1bu1Ѵ;v�-u;�
-ѴѴ�1Ѵov;�|o�|_;�1;m|;uĺ�$_;u;=ou;ķ�θ�_-u7Ѵ��lo�;v�-=|;u��r7-|bm]ĸ�|_bv�
is desirable, because θ�bv�-Ѵu;-7��-|�|_;�or|bl�lĺ��o�;�;uķ�|_;�1o�-Ŋ
ub-m1;�l-|ub��v_ubmhv�Őv;;�vl-ѴѴ;u�;b];m�-Ѵ�;�-v�-uuo�ő�0;1-�v;�1Ѵov;u�
v-lrѴ;v�_-�;�_b]_;u��;b]_|vĺ�$_;u;=ou;ķ�;�rѴou-|bom�7;1u;-v;v� bm�-ѴѴ�
7bu;1|bomvĺ

$_bv�-7-r|b�;�;�rѴou-|bom�0;_-�bou�l-��-Ѵvo�0;�o0v;u�;7�bm�|_;�ub]_|Ŋ
_-m7�]u-r_� bm�
b]�u;�Ƒĸ� bm� |_;�=buv|� =;���r7-|;v� |_;�1o�-ub-m1;�l-|ub��

;Ѵom]-|;v�|o�-u7v�|_;�or|bl�l�θ*ƷŒƏķƏœķ�0�|�om1;�b|�bv�u;-1_;7ķ�|_;�1o�-Ŋ
ub-m1;�l-|ub��v_ubmhv�-m7�;�rѴou-|bom�7;1u;-v;vĺ�$_bv�0;_-�bou� bv�;vr;Ŋ
1b-ѴѴ��-rr-u;m|� bm�|_bv� b7;-Ѵb�;7�;�-lrѴ;ķ��_b1_��v;v�omѴ��-�ƑŊ	�v;-u1_�
vr-1;�-m7�-��;u��0;mb]m�1ov|�=�m1|bomĸ�_o�;�;uķ�|_;�];m;u-Ѵ�rubm1brѴ;�-Ѵvo�
-rrѴb;v�|o�_b]_Ŋ7bl;mvbom-Ѵ�vr-1;v�-m7�7bv1om|bm�o�v�1ov|�=�m1|bomvķ�-v�
7;lomv|u-|;7�bm�Ő"|�Ѵr�ŐƑƏƐƑőĺ

ƒĺƐĺѵՊ|Պ�rrѴb1-|bom�o=�PIBB�|o�|_;�u;-1_bm]�|-vh

�m� |_bv� -u|b1Ѵ;ķ��;�-rrѴ��PIBB� |o� |_;�r-u-l;|;uv�o=� |_;�roѴb1�� u;ru;Ŋ
v;m|-|bom�ru;�bo�vѴ��7;v1ub0;7ĺ��-1_�fobm|�_-v�b|v�o�m�r-u-l;|;uv�θm 


 ��&!� �ƑՊ ���rѴ-m-|bom�-m7��bv�-Ѵb�-|bom�o=�|_;�PIBB�-Ѵ]oub|_lķ��vbm]�-�Ƒ	�v;-u1_�vr-1;ĺ�
ou�bѴѴ�v|u-|ou��r�urov;vķ�|_;�1ov|�o=�-�v-lrѴ;�θ is 
vblrѴ��|_;�7bv|-m1;�|o�|_;�oub]bmĹ�JŐθőƷׯθׯĺ��;=|Ĺ�PIBB�rv;�7oŊ1o7;ĺ��;m|;uĹ�(bv�-Ѵb�-|bom�o=�one�r-u-l;|;u��r7-|;��b|_�PIBBĺ�!b]_|Ĺ���oѴ�|bom�o=�
|_;�r-u-l;|;uv�o�;u�several��r7-|;vķ�7;lomv|u-|bm]�_o��|_;�7bv|ub0�|bom�1om�;u];v�|o�-u7v�|_;�lbmbl�l�θ*ƷŒƏķƏœĺ 
$_;�-Ѵ]oub|_l�bv�bmb|b-Ѵb�;7�0��v;||bm]�|_;�l;-m�-m7�1o�-ub-m1;�r-u-l;|;uv�〈θ,Σ〉�|o�!init and !initIķ�u;vr;1|b�;Ѵ�ķ��bv�-Ѵb�;7�-v�-�7-uh�0Ѵ�;�7o|�-m7�
1bu1Ѵ;ĺ��=|;u�|_bv�bmb|b-Ѵb�-|bomķ�PIBB�|_;m�b|;u-|b�;Ѵ���r7-|;v�|_;v;�r-u-l;|;uv��b|_�|_;�=oѴѴo�bm]�v|;rvĹ�ŐƐő�Explore.�"-lrѴ;�K�r-u-l;|;u��;1|ouv�
θk from  !Σķ�-m7�7;|;ulbm;�|_;�1ov|�Jk�o=�;-1_�v-lrѴ;ĺ��m�|_;��bv�-Ѵb�-|bom�o=�o�u�bѴѴ�v|u-|ou��;�-lrѴ;�|-vh�KƷƐƔķ�-m7�|_;�1ov|�JŐθő�bv�|_;�
7bv|-m1;�|o�|_;�oub]bmׯ�θׯķ��_b1_�Ѵb;v�-rruo�bl-|;Ѵ��0;|�;;m�Ѷ�-m7�ƐƖ�bm�|_bv�;�-lrѴ;ĺ�ŐƑőEvaluate.�	;|;ulbm;�|_;��;b]_|�Őruo0-0bѴb|�ő�Pk�o=�;-1_�
v-lrѴ;ķ�]b�;m�b|v�1ov|ĺ��vv;m|b-ѴѴ�ķ�Ѵo�Ŋ1ov|�v-lrѴ;v�_-�;�_b]_;u��;b]_|vķ�-m7��b1;��;uv-ĺ�$_;�moul-Ѵb�;7�;�rom;m|b-|bom�=�m1|bom�|_-|�l-rv�
1ov|v�|o��;b]_|v�bv�|-h;m�7bu;1|Ѵ��=uol�|_;���2�-Ѵ]oub|_lķ�-m7�bv��bv�-Ѵb�;7�bm�|_;�1;m|;u�]u-r_ĺ��-u];u�]u;;m�1bu1Ѵ;v�1ouu;vrom7�|o�_b]_;u��;b]_|vĺ�
ŐƒőUpdate.�&r7-|bm]�|_;�r-u-l;|;uv�〈θ,Σ〉��b|_��;b]_|;7�-�;u-]bm]ĺ��m�|_;��bv�-Ѵb�-|bomķ�|_;��r7-|;7�r-u-l;|;uv�-u;�7;rb1|;7�bm�u;7ĺ��;1-�v;�
Ѵo�Ŋ1ov|�v-lrѴ;v�Ő;ĺ]ĺķ�-�1ov|�o=�ѶŊƐƏő�_-�;�_b]_;u��;b]_|vķ�|_;��1om|ub0�|;�lou;�|o�|_;��r7-|;ķ�-m7�θ�|_;u;=ou;�lo�;v�bm�|_;�7bu;1|bom�o=�|_;�
or|bl�l�θ*ƷŒƏķƏœ


 ��&!� �ƒՊ ��;=|Ĺ��_;m�|_;�1�uu;m|�
r-u-l;|;uv�-u;�far�=uol�|_;�or|bl�l�
Őθ*ƷŒƏķƏœ�bm�|_bv�;�-lrѴ;őķ�|_;�1o�-ub-m1;�
l-|ub��bv��r7-|;7�Őu;7�;ѴѴbrv;ő�vo�|_-|�
b|�|;m7v�|o�;Ѵom]-|;�bm�|_;�7bu;1|bom�o=�
v|;;r;v|�7;v1;m|ķ�Ѵ;-7bm]�|o�bm1u;-v;7�
;�rѴou-|bom�-Ѵom]�|_bv�7bu;1|bom�Őv;;�-uuo�őĺ�
!b]_|Ĺ��_;m�|_;�1�uu;m|�r-u-l;|;uv�-u;�
;�-1|Ѵ��-|�|_;�or|bl�lķ�|_;�1o�-ub-m1;�
l-|ub��|;m7v�|o�v_ubmhķ�Ѵ;-7bm]�|o�7;1u;-v;7�
;�rѴou-|bom
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-m7�1o�-ub-m1;�l-|ub��Σmķ��_b1_�-u;�b|;u-|b�;Ѵ���r7-|;7��b|_�PI
BBĺ�$_;�

bmr�|�r-u-l;|;uv�o=�PIBB�-u;�v;|�-v�=oѴѴo�vĺ�$_;�bmb|b-Ѵ�r-u-l;|;u��;1Ŋ
|ou�bv�!init=0ķ��_b1_�l;-mv�|_;�-ul�bv�1olrѴ;|;Ѵ��v|u;|1_;7ķ�-m7�mo|�
lo�bm]�-|�-ѴѴ�o�;u�|bl;ĺ�$_;�bmb|b-Ѵ�-m7�lbmbl�l�;�rѴou-|bom�l-]mbŊ
|�7;�o=�;-1_� fobm|�m� bv�v;|�|o�!init=!min=0.05ĺ�$_;�m�l0;u�o=�|ub-Ѵv�
r;u��r7-|;�bv�KƷƑƏķ�-m7�|_;�;Ѵb|;m;vv�r-u-l;|;u�bv�hƷƐƏķ�|_;�7;=-�Ѵ|�
�-Ѵ�;� v�]];v|;7�0�� Ő$_;o7ouo��;|� -Ѵĺķ� ƑƏƐƏő3��� v;r-u-|;� v|o1_-v|b1�
or|blb�-|bom�v;vvbom��-v�u�m�ƐƏ�|bl;v�=ou�;-1_�o=�|_;�ƑƏ�|-u];|�robm|vķ�
|_-|�bvķ�ƑƏƏ�v;vvbomv�r;u�-ul�v|u�1|�u;ĺ

$_;�;�rѴou-|bom�l-]mb|�7;�λm�o=�-�r-u|b1�Ѵ-u�fobm|�m�-|�vol;�robm|�
7�ubm]�|_;�Ѵ;-umbm]�ruo1;vv�bv�7;=bm;7�-v�|_;�l-�bl�l�;b];m�-Ѵ�;�o=�
|_;� 1o�-ub-m1;�l-|ub��Σmĺ� �mb|b-ѴѴ�ķ� λm is !initķ� 0;1-�v;� -ѴѴ� |_;� ;b];mŊ
�-Ѵ�;v�o=� |_;� bmb|b-Ѵ�7b-]om-Ѵ�Σ=!initI are !initĺ�$_;� Ѵ;m]|_�o=� |_;�|�o�
-uuo�v�bm�
b]�u;�ƒ��bv�-Ѵb�;�λm�=ou�momŊ7b-]om-Ѵ�1o�-ub-m1;�l-|ub1;vķ�
�_b1_�l-��-ubv;�-v�Σ�bv��r7-|;7ĺ

�m� |_;� 1om|;�|� o=� |_bv� r-r;uķ� �;� 1omvb7;u� fobm|v� |_-|� _-�;� Ѵo��
;�rѴou-|bom�l-]mb|�7;v�λm�|o�0;�Ŀ=uo�;mĿķ��_;u;-v�|_ov;��b|_�_b]_�λm 
-u;�Ŀ=u;;Ŀĺ

ƒĺƑՊ|Պ!;v�Ѵ|v


b]�u;�Ɠ�ru;v;m|v� |_;� u;v�Ѵ|v�o=�-rrѴ�bm]�PIBB� |o� |_;� |_u;;�7b==;u;m|�
-ul�v|u�1|�u;vĺ��-1_�]u-r_�rѴo|v�|_;�|o|-Ѵ�;�rѴou-|bom�l-]mb|�7;�o�;u�
-ѴѴ� fobm|v�

∑M
m=1 !m� Ő|_b1h� �;ѴѴo�ņ0Ѵ-1h� Ѵbm;ő� -m7� |_;� u;Ѵ-|b�;� ;�rѴou-Ŋ

|bom� l-]mb|�7;�!m∕
∑M

m=1 !m� r;u� fobm|� Ő1oѴou;7� r-|1_;vő� -v� Ѵ;-umbm]�
ruo]u;vv;v� o�;u� ƐƏƏ� �r7-|;vķ� �_b1_� 1ouu;vrom7v� |o� ƑƏƏƏƷƐƏƏŏK 
uoѴѴŊo�|vĺ� �ѴѴ� �-Ѵ�;v� -u;� -�;u-];7� o�;u� |_;� ƑƏ� |-u];|� robm|v� -m7� ƐƏ�
or|blb�-|bom�v;vvbomv�r;u�|-u];|�robm|ĺ�$_;�|_b1h��;u|b1-Ѵ�0-uv�bm7b1-|;�
�_;m� -� fobm|� u;-1_;7� b|v� l-�bl�l� u;Ѵ-|b�;� ;�rѴou-|bom� l-]mb|�7;�
Őrovb|bom�om�xŊ-�bvőķ�-v��;ѴѴ�-v�|_;�l-]mb|�7;�b|v;Ѵ=�Ő|_;�_;b]_|�o=�|_;�


 ��&!� �ƓՊ �!;v�Ѵ|v�o=�v|o1_-v|b1�
or|blb�-|bom�=ou�|_;�|_u;;�-ul�v|u�1|�u;vĺ
$_;�|_b1h�0Ѵ-1hņ�;ѴѴo��Ѵbm;�u;ru;v;m|v�|_;�
|o|-Ѵ�;�rѴou-|bom�l-]mb|�7;�Őub]_|�yŊ-�bvő�
-m7�u;Ѵ-|b�;�;�rѴou-|bom�l-]mb|�7;v�o=�|_;�
ѵ�bm7b�b7�-Ѵ�fobm|v�-v�Ѵ;-umbm]�ruo]u;vv;v�
ŐѴ;=|�yŊ-�bvő
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0-uőĺ�
ou�;�-lrѴ;ķ�=ou�|_;�_�l-m�-ul�v|u�1|�u;�Ő|or�]u-r_őķ�|_;�=buv|�
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